
Colloid & Polymer Science Colloid Polym Sci 272:784-796 (1994) 

Effects of translational and rotational diffusion on the association in kinetic model 
of nucleation 
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Abstract: Kinetics of an association and dissociation of single elements with the 
effects of translational and rotational diffusion and angular limitations is 
discussed. Separated clusters embedded in a solution of orientable single 
elements are considered. 

Steady-state positional and angular distribution of single elements is cal- 
culated from the equation of translational-rotational diffusion and the bound- 
ary conditions proposed for orientation-limited association. Although spherical 
orientable elements are assumed, the model can be used for non-spherical 
particles with aspect ratios close to unity. 

Diffusion-limited rate constants of association and dissociation are proposed 
which depend on translational and rotational diffusion constants of single 
elements, the tolerance angle of the association, and the cluster size. 

Effective concentration of single elements and effective rate constants are 
expressed by the equilibrium and diffusion-limited rate constants. Effects of 
finite diffusion rates and finite tolerance angle are discussed. 

The equations of the kinetic model of nucleation are modified due to the 
diffusion-limited rate of the association. 

Key words: Diffusion-limited association - translational and rotational diffu- 
sion - angular limitations - nucleation 

Introduction 

Bimolecular reactions of association and dis- 
sociation between clusters and single elements are 
considered as a fundamental process in kinetic 
theories of crystal nucleation and crystallization. 
Net  frequency of the reaction between an indi- 
vidual cluster of size g and single elements in 
a solution is expressed by the formula 

= k [  - k 2 ,  (1) 

where the index g denotes number of single ele- 
ments in the cluster (cluster volume), k +, k2 are 
association and dissociation rate constants, nl 
- concentration of single elements. Such an ap- 
proach of individual cluster reacting with single 
elements is adequate for nucleation where concen- 
tration of clusters is much lower than concentra- 

tion of single elements, and separation of clusters 
in the system is high enough to neglect clus- 
ter-cluster collisions. 

Concentrat ion of single elements has been usu- 
ally approximated by its equilibrium value, i.e., 
the value at zero net rate of the reaction or at 
infinite diffusion rate of the elements. In fact, at 
non-zero net rate of the reaction, at limited rate of 
the diffusion, a non-uniform distribution of single 
elements around the cluster is created. Then, an 
effective concentration of single elements, n~ ff, 
should be used in Eq. (1) instead of its equilibrium 
value, particularly for fast reactions and slow dif- 
fusion. Considering that single elements which 
participate in collisions and in the associ- 
at ion-dissociation process come from the nearest 
cluster surroundings, the effective concentration 
should be the one in the cluster surface rather 
than its equilibrium value. 
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The effective concentration is expected to de- 
pend on long-range diffusion of single elements, 
and the role of the diffusion should be the higher, 
the faster the reaction and the slower the diffusion. 
Long-range translational diffusion should be con- 
sidered for solutions of spherical elements, while 
translational and rotational diffusion should be 
considered for pure melts, as well as for solutions 
of asymmetric, orientable elements. The rate con- 
stants kg, k~- include only short-range diffusion 
through the free energy barrier at the cluster sur- 
face [1, 2], and they are affected by activation 
energy of the transport. 

The role of long-range diffusion of single ele- 
ments in aggregation was discussed by 
Smoluchowski [3], Collins and Kimball [4], 
Wake [5] for a system of spherical elements, and 
an irreversible process. An effective rate constant 
of association which accounts for finite rate of 
diffusion reads [6] 

+ _ k [  
+ D "  (2 )  1 + kg/kg 

The corresponding effective concentration of 
single elements reads 

n f  f _ + D, (3) 1 + k~/kg 

where n~ q is the equilibrium concentration of 
single elements, kg D denotes a diffusion-limited rate 
constant, which for spherical cluster of radius R(g)  

reads [3, 4] 

k D = 4 n R ( g ) D  tr , (4) 

where D tr is the translational diffusion constant of 
single elements. 

Steric constraints and the role of translational 
and rotational diffusion were discussed by Solc 
and Stockmayer [7,8], Schmitz and Schurr 
[9-11], and others for chemical reactions. Steric 
limitations in those models result from non-uni- 
form distribution of reactivity on the surface of 
the reacting particles. The aim was to find an 
explanation for considerable reduction in ob- 
servable rates of enzyme-substrate reactions in 
comparison with the values predicted by the 
Smoluchowski formula (4). 

The effective rate constant and effective concen- 
tration proposed in the models [7-11] assume the 
form of Eqs. (2, 3), but with the rate constant of 

the reaction and the diffusion-limited rate con- 
stant in the following form 

k+ =k0+  A 
4n (5) 

k D = k ~  tr, D r~ A) , (6) 

where k ~ § k ~ are, respectively, the rate constant 
and the diffusion-limited rate constant for spheri- 
cal molecules without steric constraints of the 
reaction, A denotes an angle range of mutual  
orientations enabling the reaction at a collision, 
and A / 4 n  is the fraction of such mutual configura- 
tions. The diffusion-limited rate constant (Eq. (6)) 
is reduced by a factor A dependent on transla- 
tional and rotational diffusion constants of the 
reactants, and on the tolerance range, A. The 
factor A was computed in the quoted papers and 
its values are much below unity for narrow toler- 
ance range. 

The aim of this paper is to propose an expres- 
sion for effective concentration of single elements, 
and effective and diffusion-limited rate constants 
for association and dissociation of single elements 
in crystal nucleation with angular limitations. It 
will allow to account for orientational and diffu- 
sional limitations in the kinetic model of crystal 
nucleation. 

The model assumptions 

A single-cluster approximation valid for a sys- 
tem of well separated aggregates is assumed. The 
system is considered as a set of isolated clusters, 
where each one is surrounded by an infinite solu- 
tion of single elements. The approximation is 
valid for the stages of nucleation where concentra- 
tion of the clusters is much lower than concentra- 
tion of single elements. Validity of the approxima- 
tion can be confirmed by estimating radial range 
of substantial influence of the process on the dis- 
tribution of single elements. 

It is assumed that orientable elements are 
spherical and orientation of each one is defined by 
a unit vector e. This model applies to nearly- 
spherical molecules with negligible deviation of 
the diffusion tensors (translational and rotational) 
from spherical symmetry. The elements are sub- 
jected to aggregation where a cluster of orienta- 
tion-ordered single elements is formed. 
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Fig. 1. The cluster and  a single element at the collision with 
a mutua l  or ienta t ion  within the tolerance angle range, A ~. 

Spherical aggregate of radius R is assumed 
where the vectors e of single elements are oriented 
uniaxially inside the cluster. A unit vector ec is 
assigned to the aggregate, and it is related to 
orientational order of the elements inside the clus- 
ter. The vector e~ defines favorable orientat ion of 
single elements for the association (Fig. 1). 

Reaction of association and dissociation be- 
tween the aggregate and single elements, modified 
by a condit ion of compliant  orientat ion is as- 
sumed. Any collision of an element with the clus- 
ter can be effective only if the angle between the 
vectors e and e~ does not  exceed a tolerance angle 
A0 (Fig. 1). The tolerance angle, introduced here 
as a model  parameter,  is of physical nature [12]. 

At non-zero net rate of the association-dis- 
sociation process, a non-zero radial and angular 
gradients of the distribution of single elements 
arise a round  the cluster. The non-uniformity of 
the distribution results from limited rates of trans- 
lational and rotat ional  diffusion of the elements, 
and from limited tolerance angle. Radial and 
angular  gradients should be stronger, the faster 
the reaction, and the slower the diffusion. The 
coupling between the association-dissociation 
process and the diffusion is expected to lower the 
effective rate of the process. At narrow tolerance 
angle, the role of the diffusion can be substantial. 

Translat ional  and rotat ional  diffusion of the 
aggregate is neglected in compar ison with the 
diffusion of single elements 

Dg~ m TM 

- -  << 1, -_k_g << 1 , (7) 
Dtr  D,Ol 

D r~ are the constants of where D t~, D ~~ D~ r , _g 
translational and rotat ional  diffusion of single ele- 
ments  and g-size cluster. 

T h e  diffusion e q u a t i o n  and the  b o u n d a r y  
c o n d i t i o n s  

Let nl(r, e, t) be distribution density of single 
elements in three-dimensional space of transla- 
tional mot ion  and two-dimensional  space of rota- 
tional motion,  in a solution, at an instant of time t. 
Posi t ion of the center of mass of an element is 
given by the vector r, and e is a unit  vector 
specifying orientat ion of the element. The distri- 
but ion n 1 is normalized to the total number  of 
single elements in the system 

~Snl  (r, e, t) d3rd2e = N~(t) . (8) 

Angular distribution of single elements at point  
r reads 

nl (r, e, t) (9) 
w(r, e, t) = ~ nl  (r, e, t)dZe ' 

where dZe = sin ,9 dO d~p is a differential eIement 
of the space of orientation, and & ~o are spherical 
angles of the unit  vector e. 

Kinetic equations of translational and rota- 
tional mot ion  of single elements in the absence of 
an external force field read [13, 14] 

V = - -  D tr V lnnl(r ,  e, t) (10) 

to = - Dr~  lnnl(r ,  e, t ) ,  (11) 

where v, to are, respectively, translational and 
rotat ional  velocity vectors. The mot ion  is driven 
by posit ional and angular gradients of the distri- 
bution. ~ is the rotat ional  operator  in the space 
of orientat ion [-14] 

0 
= e x ~e'  (12) 

which is analogous to the gradient operator  17 in 
the space of translation. 

Equat ion  of continuity for the distribution nl 
reads 

~l'Z 1 

0t 
V ' n l v  - ~ ' n l ~ ,  (13) 



Jarecki, Effects of translational and rotational diffusion 787 

and from Eqs. (10, 11), one obtains 

--  DtrV" Vnl  + D r ~  ~,?rtl . (14) & 

Interactions between the elements and the ag- 
gregate are neglected in the diffusion range. The 
elements interact with the clusters at the collision 
only where the association-dissociation process 
takes place. The interactions at the cluster surface, 
leading to the "oriented" aggregation will be ac- 
counted for by introduction of the tolerance angle 
in the boundary condition. 

The cluster surface is uniform in the model, and 
the unit vector er assigned to the duster  defines 
for single elements the direction of association 
and dissociation at any point of the surface, with 
the tolerance angle A 0. In other words, the vector 
e~ shows orientation of single elements desired by 
the cluster, and it is fixed for any point at the 
cluster surface. A spherical boundary surface of 
radius R = Rg q - R  1 is taken where Rg, R 1 are 
radii of the cluster and a single element, respec- 
tively. The origin of an external coordinate system 
is chosen at the center of mass of the cluster. Then, 
at any point of the boundary Irl = R, one postu- 
lates the following boundary condition 

--  ~ ' j t r ( r ,  e, t) = k + (e; ec) nl(r, e, t) --  k -  (e; er 

(15) 

where - r / R  is a unit vector normal to the surface 
at [r[ = R, and oriented towards the center of 
the cluster, and k +, k-  are rate coefficients of 
association and dissociation dependent on ori- 
entation of single element with respect to the 
cluster vector er Vector ec appears in Eq. (15) as 
a parameter. 

The boundary condition assumes that the diffu- 
sional flux of single elements at the cluster surface 
is consumed by the association-dissociation pro- 
cess. The lefthand side of Eq. (15) is the radial 
component  of translational flux density of the 
elements with orientation e at the cluster bound- 
ary. The translational flux density reads 

L ( r ,  e, t) = --  D~rVn~(r, e, t ) .  (16) 

Contribution of rotational flux to the boundary 
condition can be neglected [-7]. 

The dependence of the rate coefficients on the 
orientation vector e results from the interactions 
between the elements and the cluster at the colli- 
sion. The following step-wise coefficients of the 
association and dissociation are proposed 

k+(e; e~) = k + z ( e ' e c )  (17) 

k-  (e; er -- j. x(e"  er d2e z(e" e~), 

where s /~- are rate constants per unit cluster 
surface, at no orientational restrictions. The func- 
tion x(e'e~) is introduced to account for a limited 
tolerance angle, and it is assumed in the following 
step-wise form (Fig. 2) 

for 0 ~< arccos re'eo] -< A0 

for A0 < arccosle" eoj < 7r/2 ' 
(18) 

where e- ec = cos 0 is the scalar product, 0 is an 
angle between the orientation vectors of the clus- 
ter and a single element, and A0 is the tolerance 
angle. The function z(e'ec) is taken as common 
for association and dissociation, assuming that 
angular limitations are controlled by the same 
interactions for both directions of the process. The 
rate coefficient of dissociation (Eq. 17) assumes 
uniform distribution of dissociation of the ele- 
ments within the tolerance angle range ~)~ dZe. 

X 

! 

O A9 ;T-- A9 

O r i e n t a t i o n  Ang le ,  g 

Fig. 2. Step-wise function 7~(0) characterizing angular range 
of the association-dissociation process. 
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F r o m  Eqs. (16, 17), the boundary  condit ion 
Eq. (15) reads 

D tr 
- - r "  gl,.l=Rnl(r, e, t) = 
R 

l~+nl(r,e,t) .[z(e~ec)d2e )~(e.e~). (19) 

]r] = R 

In the case of no orientational limitations, 
A 0 = re/2, the angular distr ibution of single ele- 
ments is uniform 

n l (r, e, t) - - -  , (20) 
47z 

and 

Z (e. ec) d2e = 4~z. (21) 

Then, Eq. (19) reduces to the following form 

Dt r 
- - r "  V I,.1= R n t (r, t) = s  (r, t) - - / ~ -  (22) 
R 

Irl = R ,  

where s s  are surface densities of the rate 
constants. For  irreversible process, Eq. (22) 
reduces to the form proposed by Collins and 
Kimball  [4]. 

Surfaces densities of the rate constants will be 
presumed in the following form proposed earlier 
in ref. [153 

k+ = vn=vexp - exp - Z k T ]  

k -  = vn=vexp - 

where 

z = �89 [1 + s i g n ( 6 f ~  

(23) 

expI(1  - z)6f~ ' (24) 

(25) 

and v is frequency of thermal motion,  n= is surface 
density of active centers at the cluster surface, v is 
volume per single element in the pure component ,  
ED is activation energy of t ransport  of a single 
element through the cluster surface layer, and 6f ~ 
is free energy of the cluster growth by one element 
in pure melt, with lack of orientational l imitations 
of association 

(26)  fo=#o-#o 1-#o, 

where #go, #o are pure-component  chemical poten- 
tials of g-size cluster and a single element, respec- 
tively. 

For  negative free energy of the aggregate 
growth, 6f~ < 0, the factor z equals zero, and for 
positive one, 6f  ~ > 0, it is unity. Then, the free 
energy barrier appears for association if 6f  ~ is 
positive, and for dissociation if it is negative. 

At infinite distance from the cluster, the bound-  
ary condit ion assumes the original concentrat ion 
of single elements 

lim ~ •1 (~', e, t) d2e = n] q , (27) 
P--+ OO 

where n] q is volume density of single elements, 
undis turbed by the process. 

The diffusion equat ion expressed in a dimen- 
sionless form reads 

__  = 2 R D  r~ 
01) I72~t + Dt r ~21r (28) 
0"c 

and it is obtained from Eq. (14) by the following 
substitutions 

/p D tr 
= ~ ,  z = ~-g t (29) 

nl  q 
nl(ff, e, t) = ~ -  ~b (e, e, t ) ,  (30) 

where O(e, e, "c) is a dimensionless distr ibution 
function. For  the undisturbed,  equilibrium distri- 
bution, ~ equals unity. The gradient operator  in 
Eq. (28) is defined in dimensionless space of trans- 
lation, if, and V 2 = V" V, ~ 2  = ~ .  ~ .  

The boundary  condit ions for the distribution 
t) read - at the cluster surface, 0 = 1: 

= 

0-~ IQ= t D tr \ k+no~Z(e'ec)d2e] )~(e'ec); 
(31) 

- at infinity, ~ ---> oo: 

1 
lim ~ ~0(~, e, ~)d2e = 1 . (32) 
Q---, oO 

Solution of Eq. (28) can be expressed as the sum 
of a steady state term, ~ t ,  and a transient term, u 

O(~o, e, r) = 0st(~, e) + u(e, e, z ) .  (33) 
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Then, Eq. (28) and the boundary conditions split 
into 
- the steady-state equations: 

(172 Jr- =@~.~2)~/st ~- 0 

~01.o=1 = ~+ ~ t (0  = 1, e) 

z(e'eo) 
x - -  (35) 

Xoo 

(34) 

1 
lim ~ 5 ~,~' (e, e) d2e = 1 , 

- and the transient equations: 

8u & (I72 + ~ 2 ) u  

(36) 

I~=l 

= ~+u(0 = 1, e) z(e" eo) 
Xoo 

1 
lim ~-s ~ u(o, e, "c )d2e = O, 

O +  oO 

where ~ is a dimensionless parameter 

orot R 2 

Dtr 

and ar + - a dimensionless parameter: 

~:+XooR 
(X+ ~__ 

Dtr 

introduced by the function z(e" ec) in the bound- 
ary condition. Then, ~st is a function of the dis- 
tance 0 from the cluster center and of the angle 
,9 between the cluster and a single element where 
cos 0 = e-eo. Then, Eq. (34) reduces to 

[ 0 - 2 ~ ( 0 2  0~0(s in  `9 ~ )  1 

x ~O ~t = 0 ,  (43) 

and the solution can be expressed by the following 
series expansion in zero-order spherical har- 
monics 

where 

l, 
Xoo = - ~ j  z(e" ec)d2e = 1 - c o s A 0  

$st(o, ,9) = bj(o) (44) 
j=O Y0 ' 

(37) where b~ are the expansion coefficients dependent 
on the distance O, and 

(2j + l~ 1/2 
(38) Y;(0) = \ 4~z-/ Pj(O). (45) 

(39)  Substitution of Eq. (44) to Eq. (43) results in the 
following set of equations for the coefficients b~.(0) 

(40) -do 0 2 ~  - j ( j  + 1 ) ~  bj(o)=O (46) 

j = 0, 1,2, ..., 

and the solutions satisfying the boundary condi- 
tions read 

(41) 
~+ 

" - . - -  exp [ - ( j( j  + 1) 9 )  1/2 (~) - -  1)] bAo) = Ojo a, o 

I (3)g~-] (47) (42) x 1 - e x P \ k T J j  

is the fraction of the total solid angle (4re) covered 
by the tolerance angle. 

Discussion in this paper concerns the steady- 
state distribution. 

The  s teady-s ta te  so lut ion 

The distribution ~,s, is spherically symmetric in 
the space of transition, e, and uniaxially symmet- 
ric in the space of orientation, e, with respect to 
the cluster axis G. Uniaxial symmetry of the dis- 
tribution of orientation results from uniaxial sym- 
metry of the association-dissociation process, 

j = 0, 1,2, ..., 

where b j0 is Kronecker's symbol, and 

6Jg = bf ~ - kT ln(c]qXoo) , (48) 

where c]q= n]qv is an undisturbed fraction of 
single elements in the solution, and c]qXoo is 
the fraction of single elements oriented within 
the tolerance angle range, undisturbed by the 
aggregation process. For pure melt, c]q= 1, 
and with lack of any orientational limitations, 
Xoo = 1, the free energy of association 
3fg=Sf ~ 
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The coefficients aj depend on the parameters 
+, 9 ,  and on the tolerance angle range A <9 

a,= ai(c~ +, 9,  A<9), (49) 

and they are solutions of the following set of 
algebraic equations 

oo  

Bija  j = X io  (50) 
j = o X o o  

i = 0 , 1 , 2  . . . .  , 

where 

Bi~ = [1 + ( j ( j  + 1)9) */2] (Szj Jr O~ + X i j  (51) 
X 0  0 ' 

and Xii are the following integrals dependent  on 
the tolerance angle 

Xij(A <9) = 2re i Y~(<9)Z(<9) Ys(<9) sin<gd<9. (52) 
o 

The set of Eqs. (50) is obtained by integrating 
both sides of the boundary  condit ion Eq. (35) 
with spherical harmonics.  The integrals X~j vanish 
for odd values of i -t- j, and result in aj ---- 0 for odd 
j. The integral Xoo = 1 -  cos A<9. At A<9 = ~z/2, 
Xoo = 1, and the tolerance range covers total 
solid angle. At narrow tolerance angle, A <9 << re/2, 
the integral Xo0 ~ (A <9)2/2. 

Substituting coefficients b j(0) in the form of 
Eq. (47), and considering that  aj vanish for odd j, 
the steady-state solution reads 

0st(0, <9) = 

1 - 1 - exp 
o t, k r ) /  

x ~ a 2 j e x p [ ( 2 j ( 2 j  + 1)~, )1 /2(0-  1)] 
j = 0  

Y2j(<9) • - -  (53) 
r 0  ' 

where the coefficients a2j depend on the para- 
meters e+, 9 ,  and on the tolerance angle range 
AO. 

The coefficients a2j should be computed  from 
Eq. (50). Their asymptot ic  solutions can be deter- 
mined analytically for ~+<<1 (slow association 
and/or  fast translational diffusion of single ele- 
ments), as well as for 9<< 1 and for ~>> 1. 

Assuming Einstein-Stokes formulae for the dif- 
fusion constants, the parameter  @ is propor t ional  
to the square of the ratio of the cluster boundary  
radius R to a single element radius RI:  

- o <  r - . ( 5 4 )  

Nevertheless, the range of ~ << 1 will be discussed 
to see the role of finite constant  of rotat ional  
diffusion in compar ison with a hypothetical  state 
of hindered rotat ional  motion.  The case of ~ >> 1 is 
realistic for large aggregates. 

For  c~ + << 1: 

X2j, o 
a2a" = [1 + (2j(2j + 1 ) ~ ) , / 2 ] - ,  Xoo (55) 

For  9<<1: 

1 X23, o (56) 
a 2 j -  1 + ~+/Xoo Xoo 

For  9>>1: 

1 
a2j -- 1 + e+ 62j, o , (57) 

and the tolerance angle does not  affect the solu- 
tion. 

The following relationship should be used to 
check the solution for 9<< 1 

• X2i, 2jX2j,  o = X2i, o 
j = o  

i = 0, 1,2, . . . ,  

(58) 

valid for the 0-1 step function ~(3) for which 
z2(<9) = z ( &  

For  intermediate values of the parameters e+ 
and 9 ,  the coefficients a2j should be computed.  
Example computa t ions  are performed for several 
values of ~+ and 9 ,  at a fixed tolerance angle 
range, A<9 = 5 ~ The distributions computed  for 
the boundary  surface 0 = 1 from Eqs. (50, 53) are 

~ s t ( 0 = l , O ) =  1 - ~ +  1 - e x P \ k T ] _ ]  

oo Yzj(<9) (59) 
X 2 a2j - - ,  

j=O I1o 
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Fig. 3. Deviation of the distribution from equilibrium, @~'(0 = 14 0) - 1, at the cluster surface, plotted vs. orientation angle 
0 (in degrees) for several values of D~~ and A 0 = 5 ~ a) k+R/D t~ = 10 -2, b) s t~ = 1, c) s t~ = 102. 

and are plotted in Figs. 3a, b, c vs. orientation 
angle 0 for ~+/Xoo = 10 -2, 1, 102, and A~9 = 5 ~ 
The plots show deviation of ~st at the boundary  
surface from its equilibrium value (unity) for 
several values of ~ between zero and infinity. 
The deviation increases with increasing ~+, and 
it is substantially affected by ~ .  

For  a hypothetical state of inhibited rotational 
motion of single elements, ~ --, 0, the following 
step-wise angular distribution at the cluster sur- 

face is predicted from Eqs. (56, 59), 

o~ + / X o o  
x 1 + c~+/Xoo Z(0).  (60) 

In this case, the elements with compliant orienta- 
tion are consumed or released by the cluster, while 
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log(A) / log(Xo0)  

Fig. 4. Distance from the cluster center where the deviation 
of the distribution from equilibrium is reduced by 90%, 
plotted vs. log A/log Xoo for various association rates ~+/A, 
(A is defined by Eq. (71)). 

the elements outside the tolerance angle range do 
not  participate in the process at all. 

For  9>> 1, Eqs. (57, 59) lead to the following 
asymptot ic  formula 

~+t(O = 1, ,.9) = 1 - 1 - e x P \ k T J _ ] l  + c~ + , (61) 

and the angular distribution is uniform. 
One estimates from computa t ions  performed 

for a wide range of ~ + and ~ that  the deviation of 
the distribution from the undis turbed distribution 
at infinity reduces by 90% within the distance 
range R -  2R from the cluster surface (Fig. 4). 
Even at extreme values of c~ + and 9 ,  the radial 
range of the reduction does not  exceed 10R. This 
provides criterion for validity of the assumption of 
isolated clusters embedded in an infinite solution 
of single elements. 

Kinetics of the association-dissociation process 

Total  net frequency of association and dissocia- 
t ion of single elements by one g-size cluster reads 

[ 1 J g = j ' ~  k + n l ( Q = t , e ) - ~ ) ~ ( e . e c ) d 2  e 

• z(e" eo)d2e da  (62) 

or  

Jg = 55 Dtr VIo= l ns (0, e)" da d 2 e  . (63) 

Equations (62, 63) are obtained by integrating 
both  sides of the boundary  condit ion (Eq. (19)) 
over the orientations of single elements (d2e), and 
over the cluster surface (da). 

For  steady-state distribution (Eq. (53)), the to- 
tal flux calculated from Eq. (62) reads 

[ ?:A] 
ag = 4rcRa/~+X0o n] q 1 - exp \ k T J J  

+ x2 ,o  
x 1 -  c~ + 2 a2j X o o /  (64) 

j=0 

F r o m  Eqs. (50, 51) for i - - 0 ,  one obtains the 
following relation 

co X2j, 0 (65) 
1 - c ~  + ~ a2j - a o .  

j=o Xoo 

Then, the flux dg includes only the coefficient ao 

\ k r ] l a ~  �9 (66) 

F rom Eqs. (55-57), the asymptot ic  coefficients 
read 

ao = 1 for 0~ + << 1 (67) 

1 
for 9<< 1 (68) 

ao - 1 + ~+/X oo  

1 
for 9>> 1 . (69) a 0 - 1 + ~ +  

For  intermediate values of the parameters c~ + 
and 9 ,  a0 should be computed  from the set of 
Eqs. (50). The computed  values well fit the follow- 
ing formula 

1 
ao = 1 § ~+/A  ' (70) 

where the factor A is the following function of 
and the tolerance angle A O 

co X 2 
~o 2i'~176 (71) 

1/A = 1 + (2i(2i + 1)~) 1/z " i= 

For  9<< 1 the parameter  A = Xoo = 1 - c o s  A O 
(cf. Eq. (58)), and for ~ -+ 0% A --, 1. 

Using recurrent formulae for Legendre poly- 
nomials in the integrals Xzi, o, Eq. (71) assumes 
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1 ~  j J j J  
J 10 -1 

/ /D~~ 0 

/ 

_ ?/' 
t0 4}! 

0 15 30 45 60 75 90 
T o l e r a n c e  A~g]e 

< 10 -= 

Fig. 5. The factor A plotted vs. tolerance angle (in degrees), 
A 0, for D~~ t~ = 0, 1, and infinity. 

the following form 

~o (4i + 1)~ i (AO ) 
1 / A = i =  1 + ( 2 i ( 2 i + 1 ) ~ ) ' / 2 '  (72) 

where tc2~ depend on the tolerance angle A 0. They 
can be evaluated using the following recurrent 
formula 

( i -  1 ) (2 i -  1) ( 4 i -  1) 
K2i ~--- ~2 ( i -  1) Jr- 

i(2i + 1) 2i(2i + 1) 

(1 + cosA0) Pzi- l (cosAO) (73) 

i = 1,2,3, ... 

t r  

where P2~-~ denotes odd Legendre polynomials. 
Figure 5 shows plots of the factor A vs. toler- 

ance angle A O computed for ~ ~ 0, for ~ = 1, 
and for ~ - - .  o% using 200 terms in the sum in 
Eq. (72). A formula for the factor A, published 
earlier (ref. [16], Eq. (43)) contains an error where 
x2i should be in the square power. 

The coefficient a0 proposed by Eq. (70) con- 
verges to the asymptotic solutions given by Eqs. 
(67-69), and it fits the computed values for inter- 
mediate values of ~ + and ~.  The computations of 
a0 were performed from the set of Eqs. (50) for 
several values of the tolerance angle between 5 ~ 
and 180 ~ for several values of c~ + between 10 .3 
and 103, and for ~ between 1 and 103. A set of 200 

I0 - i Dr~ 

/"9 = 5 o 

i 0  3 1 0 - 2  10 1 1 10 t 0  2 
+ 

O; 

Fig. 6. The coefficient a0 plotted vs. ~. + for several values of 
Drc'tR2/Dtr, at A ~9 = 5 ~ The plots are evaluated from Eq. (70), 
while the marked points are computed using 200 equations of 
the set (50). 

equations was taken for computations. For this 
number of equations, the computed values of a0 
differ by no more than 2-3 per cent from the 
values obtained from a set of 100 equations, and 
convergence of the numerical solution is satisfac- 
tory in this range. 

Figure 6 shows the plots of a0 vs. :~+ predicted 
by Eq. (70) for ~ = 1, 10, 102, and infinity, at the 
tolerance angle A~9 = 5 ~ The values of ao com- 
puted directly from Eqs. (50) using a set of 200 
equations are marked by the points. Deviations of 
the computed values from the values predicted by 
Eq. (70) are very small, thus indicating good 
agreement between the proposed formula and the 
computed solutions. The agreement is even better 
for wider tolerance angle (plots not shown). 

Substituting a 0 in the form of Eq. (70), the total 
frequency of the process reads 

Yg = 4~zRZkTXoon~ q 1 - e x P \ k T j j  1 
cz + / A  

= 4~cR2(k+Xoon] q - fc-) 1 1 + e+/A"  (74) 

The above formula can be derived also starting 
from Eq. (63). 

Total frequency of the process given by Eq. (74) 
can be expressed by an effective concentration of 
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the elements, n] el, and the overall rate constants of 
association and dissociation, kg +, kg 

Jg = k +n]  f f -  k ;  , (75) 

where 

k + = 4rcRZ/~+X0o, kg = 4zcR2/~ - (76) 

or by the effective rate constants, kg ff+, kg ff-, and 
the equilibrium concentrat ion,  n] q 

d g =  ,~gleeff+ n]  q - -  kg f f -  (77) 

The effective concentrat ion reads 

n]ff = 1 + (c~+/A)exp(ffg/kT) n] q . (78) 
1 + ~ + / A  

At 3fg = 0, the effective concentrat ion equals n] q. 
At ~fg < 0 (net growth) the effective concentrat ion 
is below the equilibrium value, while at 6fg > 0 
(net dissociation) it is above n~ q. 

The effective rate constants read 

1 
kgff+ --  1 + ~+/A k+ " (79) 

For  a slow process, satisfying the condit ion 
~+/A<< 1, Eqs. (78, 79) reduce to 

n~ ff = tl] q kg ff-+ = k :  , (80) 

and kinetics of the process can be described using 
the equilibrium rate constants and the equilib- 
r ium concentrat ion of the elements. No diffusion 
control  is predicted for this case. 

For  fast reactions, cC/A>> 1 

I'll ff = n]  q exp k k T ] '  (81) 

and the effective rate constants assume the follow- 
ing diffusion-limited forms 

keff+ ___+ D+ ~__ 4gR(g)DtrA(~, AO) (82) g kg 

k~ ff- ---, kg ~  -- 4rcR (g) D tr A (9,  zJ tg) k~_g (83) k+. 

For  fast irreversible reactions (kg  = 0), Eqs. (77, 
82, 83) lead to 

d g =  4xRD tr A n ]  q . (84) 

The factor A reduces the role of translational 
diffusion in the diffusion-limited rate constants 

due to finite rotat ional  diffusion rate of the ele- 
ments  and finite tolerance angle. 

At ~ ~ ~ ,  or A 0 = re/2, the parameter  A --, 1, 
and Eq. (84) reduces to the following formula 

Jg = 4~RD tr rt] q , (85) 

known  as Smoluchowski  formula for diffusion- 
limited aggregation, derived for spherical elements 
without  angular l imitations of the aggregation. 

The effective association and dissociation rate 
constants, as well as the effective concentrat ion of 
the elements, can be expressed by the equilibrium 
rate constants, k +, kg,  and by the diffusion-lim- 
ited rate constant,  k D+ . 

/:~ff + - k+ (86) 
k + /kD+ .vg - 1 ~- ,~g /,~g 

+ D+ 
n~ff = 1 + (kg/kg ) exp(dfg/kT) n]q. (87) 

k + /kD+ 1 + , ~ / . v g  

Application to crystal nucleation 

Kinetic models of nucleation 1-17-19J assume 
bimolecular reactions of association and dissocia- 
t ion between the clusters and single elements as 
dominat ing  in the process. Effects of finite diffu- 
sion rate of single elements and angular  limita- 
tions can be included in the models using effective 
rates of association and dissociation of the ele- 
ments, derived in this paper. One assumes that  
average distance between clusters is high, and the 
system can be considered as a set of individual, 
non-interacting clusters embedded  in an infinite 
solution of single elements. 

Effective frequency of association of the 
elements by a 9-size cluster is given by the 
association term in Eq. (75), and it equals 
k :  n eff/-` 1 ~y), while the frequency of dissociation 
equals k~-. 

The net flux of growth of the clusters of size 
g from the clusters of size g - 1 in a unit  volume of 
the system reads 

. eff, 1)/~g- --  k g  n g ,  (88) J g = k  + - tn l  ( 9 -  1 

where ng is the number  of g-size clusters in a unit  
volume, and n] f f (g-  1) is the effective con- 
centrat ion of single elements at the cluster of size 
g - 1 .  
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Equation of continuity for time-dependent dis- 
tribution ng(t) of the clusters' size g in the system 
reads 

(~ng __ 

Ot 
(jg+ ~ - jg).  (89) 

Considering cluster size as a continuum vari- 
able g, and taking into account linear terms of the 
expansions over g, the following ratio reads 

k 2_ ln]ff(g - 1) 6fg/kr 
kg- = 1 1 + ..g ~..g + / / ( D +  -[- ' " '  (90) 

and a linearized form of the flux (Eq. (88)) reads 

, 6 L / k r  
= - l q  + n i , (91)  

-1- kg /kg J 

where n(g, t) is time-dependent distribution of the 
cluster size. Growth of the clusters can be con- 
sidered as a diffusion in the space of cluster sizes 
with a driving force. The driving force is free 
energy of association per one element, reduced by 

~+/kD+ resulting from limited the factor 1 + .vg ,vg 
translationa,1 and rotational diffusion rates of 
single elements, and from limited tolerance angle. 

Following Eq. (91), the equation of continuity 
for the distribution of the clusters, accounting for 
the finite diffusion rates and tolerance angle, as- 
sumes the form of a Fokker-Planck equation 

~n 0 Ik~ (On 6fg/kT ~ 
& - @  ~ + n  1 +k+/kD+jj (92) 

For a slow association, + D kg/kg + << 1, Eq. (92) 
reduces to the form proposed by the kinetic mod- 
els of nucleation without the effects of long-range 
diffusion. For fast association, + D kg/kg + >> 1, the 
role of thermodynamic driving force of aggrega- 
tion is considerably reduced by the finite diffusion 
rates, translational and diffusional, and by the 
tolerance angle. 

Conclusions 

The deviations of the angular distribution of 
single elements at the cluster surface, and the effec- 
tive concentration of the elements from equilib- 
rium (cf. Eqs. (59, 78)) are proportional to 
exp (6fg/kT) -- 1, where 6fg is free energy of associ- 
ation per one element. The concentrations decrease 

below their equilibrium values for negative 6fg, and 
increase for positive one, and the effect is the stron- 
ger, the higher the association rate constant. 

Highest deviation of the orientation distribu- 
tion from equilibrium is predicted for elements 
oriented within the tolerance angle range, and it is 
affected by rotational diffusion. 

The role of rotational diffusion is controlled by 
the factor ~ = Dr~ dependent also on the 
cluster radius. For a hypothetical case of ~ --* 0 
(hindered rotational motion), a step-wise orienta- 
tion distribution at the cluster surface is predicted 
where the elements oriented outside of the toler- 
ance angle do not participate in the association 
process. In this regime, considerable influence of 
the tolerance angle on the distribution is expected, 
while for ~ ---, oo no effect of the tolerance angle 
on the distribution is predicted. 

For the association discussed in this paper, the 
parameter N is higher than unity (R > Rt ,  cf. 
Eq. (54)). Nevertheless, Schmitz and Schurr 
[10, 11] considered translational and rotational 
diffusion for steric chemical reactions on a small, 
immobile hemi-sphere (R<<R1) localized on 
a plain where ~ was much lower than unity, and 
their results are consistent with the results ob- 
tained in this paper for the case of small ~ .  

For slow association, c~+/A<< 1, an equilibrium 
form of the kinetic equation of the process, ex- 
pressed by the equilibrium rate constants and 
equilibrium concentration of single elements, is 
valid. For fast association, cz+/A>>l, the diffu- 
sion-limited rate constants are proportional to the 
constant of translational diffusion, D tr, and to the 
factor A _< 1 dependent on the tolerance angle 
and on the parameter ~.  The factor A reduces 
effectivity of translational diffusion of single ele- 
ments due to limited tolerance angle and limited 
diffusion rates of single elements. It assumes the 
following asymptotic values: A = 1 for ~ ~ o% 
and A = 1 - cos A 0 for ~ ~ 0. The narrower the 
tolerance angle range A 0, the smaller the lower 
bound of A, and the higher the reduction of the 
effectivity of translational diffusion. 

Effective association and dissociation rate con- 
stants as well as effective concentration of single 
elements are expressed by the equilibrium and 
diffusion-limited rate constants. They allow to 
formulate kinetic equations for the associ- 
ation-dissociation process by the equilibrium and 
diffusion-limited rate constants. 
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A linear flux of g rowth  of clusters in a solut ion 
subjected to nucleat ion,  and a F o k k e r - P l a n c k  
equa t ion  for the d is t r ibut ion  of  the cluster  size 
include effects of  finite diffusion rates of  single 
elements.  The  flux of g rowth  of  the clusters, 
as well as the d is t r ibut ion  of  the cluster sizes in 
the system are cont ro l led  by  the t h e r m o d y n a m i c  
dr iving force of  associat ion,  reduced  by  the factor  

/~+/k D+ which accounts  for  the effects of the 
diffusion. F o r  a slow associat ion,  the factor  can be 
assumed as unity,  while for a fast process,  a con-  
siderable reduc t ion  of  the role of the t h e r m o d y n -  
amic driving force is predic ted  due to l imited 
diffusion rates. 

References 

1. Kramers HA (1940) Physica 7:284 
2. Chandrasekhar S (1943) Rev Mod Phys 15:1 
3. Smoluchowski MW (1917) Z Physik Chemie 29:129 
4. Collins FC, Kimball GE (1949) J Colloid Sci 4:425 
5. Waite TR (1958) J Chem Phys 28:103 
6. Bailey RT, North AM, Pethrick RA (1981) In: Molecular 

motion in high polymers", Clarendon Press, p. 376 

7. Solc K, Stockmayer WH (1971) J Chem Phys 54:2982 
8. Solc K, Stockmayer WH (1973) Int J Chem Kin 5:733 
9. Schurr JM (1970) Biophys J 10:700 

10. Schrnitz KS, Schurr JM (1972) J Phys Chem 76:534 
11. Schurr JM, Schmitz KS (1976) J Phys Chem 80:1934 
12. Ziabicki A, Jarecki L, submitted to J Chem Phys 
13. Kirkwood JG, Auer PL (1951) J Chem Phys 19:281 
14. Doi M, Edwards SF (1986) In: Theory of polymer dy- 

namics, Clarendon Press, Oxford 
15. Ziabicki A, Jarecki L (1984) J Chem Phys 80:5751 
i6. Jarecki L (1991) Colloid Polym Sci 269:777 
17. Volmer M, Veber A (1926) Z Physik Chemie 119:227 
18. Frenkel J (1946) Kinetic Theory of Liquids, Oxford Univ 

Press, London 
19. Turnbull D, Fisher JC (1946) J Chem Phys 17:71 

Received January 4, 1993; 
accepted November 16, 1993 

Author's address: 

Dr. Leszek Jarecki 
Institute of Fundamental Technological Research 
Polish Academy of Sciences 
Swietokrzyska 21 
00-049 Warsaw, Poland 


